
FUNCTIONS SATISFYING THE MEAN
VALUE PROPERTY^)

BY

AVNER FRIEDMAN AND WALTER LITTMAN

Introduction. In the preceding paper [8] we proved that if all harmonic

functions in «-dimensional bounded domain D satisfy the mean value property

(MVP) with respect to some point P and a given density function p (volume-

density, surface-density, etc.) then, under some simple assumptions on p, D

must necessarily be a ball with center P. In the present paper we are inter-

ested in studying the MVP from a complementary point of view, namely,

we are interested in finding conditions on p (p^O) under which the MVP

holds at most for a finite number of linearly independent functions. The

MVP is meant to be:

(0.1) u(x) =   j u(x + ly)dp(y)
Jk

for all xED, i>0 and sufficiently small, K being the support of p.

In the case of two dimensions it is known [2; 7; 10] that if p is a homo-

geneous distribution on the vertices, sides or area of a regular n-gon then the

functions having the MVP (0.1) are precisely the harmonic polynomials of

degree ^n having zero nth derivatives in each of the directions of the radii

of the polygons. There is also a similar characterization in 3-dimensions with

a homogeneous distribution on the vertices of the regular solids [3].

In §1 we prove (Theorem 1) that the MVP (0.1) is equivalent to the sys-

tem of partial differential equations

(0.2) £ A,D,u = 0 (1 gy < co)
no-

where the coefficients A, are the usual moments (with respect to the origin)

of the measure p. Flatto [ó] has recently derived, by a different method, a

different set of equations which are also equivalent to the MVP (0.1). Fol-

lowing his argument, it is shown (Theorem 2) that the system (0.2) has a

finite dimensional solution-space if and only if the system of algebraic equa-

tions

(0.3) 2ZA.Z, = 0 (lá¿<«°)
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have no common complex root t^O. Such a reduction was still previously

noticed by Aronszajn and P. Lax [l].

In §2 we consider the case of discrete measures, i.e., „(Çi)=„î>0 on a

finite set of points Oj (l^i^N), and „ = 0 elsewhere. The solution-space of

(0.1) is proved to be finite dimensional and, in case all the „¿ are equal, it

consists of polynomials of degrees ^C2. In the even more specialized case

that the Ç, lie in the centers of the 2n faces of the unit cube, the degrees are

^n2 and this inequality is sharp. Most of these results depend on some

algebraic lemma which is also proved in §2.

In §3 we consider general measures and establish sufficient conditions for

the finite dimensionality of the solution-space by a method of projection

into 2-dimensional planes. These conditions are rather sharp, but not easy to

verify.

1. The differential equations. Let „ be a non-negative Borel measure in

w-dimensional Euclidean space Rn having compact support K lying in the

unit sphere which is not contained in any (n— l)-dimensional hyperplane. Let

u(x) be a real, bounded and measurable function defined in a domain 7) in

7?". We are interested in characterizing functions which satisfy the mean value

property (MVP)

(1.1) u(x) =   I u(x + ty)dß(y) for all xQD,
J K

where t varies in the interval 0</<dist.(x, S), S being the boundary of D.

It will further be assumed that the total measure of „ is 1 (i.e., /k¿„= 1). In

the sequel we use the following notation: v = (vlt • • • ,v,),\v\ =_/', the Vi vary

from 1 to n ; D, = Dn • • • DVj where D,( = 3/âxVi ; £v = £n ■ ■ ■ £„3.. We shall

prove:

Theorem 1. If u and „ satisfy the foregoing assumptions then u is real

analytic in D and satisfies the system of partial differential equations

(1.2) E^£U = 0, /-1,2,3, •••,

where

(1.3) A, =  (yAß(y).

Conversely, if u is infinitely differentiable in D and satisfies the differential

equations (1.2), and if „ satisfies the foregoing assumptions, then u is analytic

and satisfies the MVP (1.1).

Remark. If the support of „ is contained in some (n — l)-dimensional

hyperplane, then by a proper transformation we can reduce the problem to

that of n — 1 dimensions.
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Proof. We first assume that (1.1) holds and proceed to establish the

analyticity of u and (1.2). Clearly it is enough to consider x varying only in

a ball B whose closure B is contained in D. Let dist.(73, S) = 2e and let B' be

a ball concentric with 73 such that dist.(JB', S) = e. We define a function u'(x)

as follows:

u'(x) = Iu(x) for x in B',

0 for x in CB'

where CX denotes the complement of X.

Clearly u' is bounded and measurable in Rn and its support is compact.

Let v(x) be any C" function in Rn with support in B. Then, for xEB, 0<£<e,

u(x+ty) =u'(x+ty). Hence

(1.4) v(x)u'(x) = v(x)  J u'(x + ty)dp(y).
J K

Since v(x) = 0 in CB, (1.4) is satisfied also for xECB; hence for all xER"

(provided 0<¿<e). Integrating both sides of (1.4) on Rn we get

(1.5) I    v(x)u'(x)dx =  I    v(x)\   I  u(x + ty)dp(y) \dx.
J R" J R" \-J K J

Denoting by 5w(£) the Fourier transform of the function w(x), at the

point £, and using Parseval's formula, we obtain from (1.5),

(1.6) f 5v(Ü)5u'(t)dl¡ =   f 5v(S)S \ f «'(* + ty)dp(y)~\ (Qd£.
J Rn J R" \-J K J

Now,

fj T J  u'(x + ly)dp(y)\ (?) =   f r+"* \  j u'(x + ty)dp(y)\ dx

=   f I    I   e~ix-iu'(x + ty)dx\dp(y) =   f [iF«'(x + ty)](C)dp(y).
J k\- J r" J J k

Substituting this in (1.6) and noting that

[5u'(x + ty)](Ç) = e¿£ "[?«'(*)](£)

we get

(1.7) f SFr(Ö5F«'(f)df =  f SF»(OÎF«'(0 [  f «««■»>¿p(y)lá{.
»r Ä" J R" L J K J

We claim that the right side of (1.7) is C00 in t and that each ¿-derivative

can be calculated by differentiation under the integral sign. Indeed, applying
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any derivative dq/dt" inside the integral sign, the resulting integrand is

bounded by

const(l+ |i|«)|ff(«)(Ö| | MW |,

where the constant is independent of t if 0 <t < 1. Since v has compact support

and is C,

||(1+ |í|«)$Ffl(0|U«< ».

Since also sup | SFm'(£)| < » in 7?", the conditions for differentiability under

the integral sign are satisfied.

Differentiating both sides of (1.7) with respect to t j times, we obtain,

upon comparing for t = 0,

(1.8) J" ff»(ÖM'(ö [ j tt-y)'<fo(y)]dÊ = 0 (j = 1, 2, 3, • • • ).

Noting that

f (t-y)'My) = f ft,* + • • • + £„y„)''d„(y)

= f(E^Y^(y)= E A*,
JK\\w\-i     / w-y

(1.8) becomes

fill i!,&SF*(ÖM'(Ö~U = 0.

Hence, using Parseval's formula,

(1.9) f   [ E il»Ä»(*)l «'(*)<** = 0      (j = 1, 2, 3, • • • ).
•/ß» L n-y J

Since these relations hold for all vQC with support in 73, we conclude, from

(1.9) with 7 = 2, that m is a weak solution of

(1.10) J!  Ai,Diju = 0       (dh = -?—)
i.i=x \ dXidXj/

in 73. Equation (1.10), however, is of elliptic type since

E AííUí = E (y¿<y¿My) = f (y-ÖWy) > o

for any nonzero and real £, since the support of „ is not contained in any

(w-l)-dimensional hyperplane.



1962] FUNCTIONS SATISFYING THE MEAN VALUE PROPERTY 171

Now, a weak solution of the elliptic equation (1.10) is necessarily twice

differentiable and even real analytic. Hence u is an analytic function satisfy-

ing the equations (1.2).

(Note that the equations (1.2) for/ even are all of elliptic type.)

It remains to prove the second part of the theorem, namely, that every

G00 solution of (1.2) is analytic and satisfies the MVP (1.1). Since (1.2) for

/ = 2 is an elliptic equation, u is analytic. We can then develop u(x+ty) into

a power series in ty for every fixed *, y varying in K and t sufficiently small

(depending on x). The right side of (1.1) becomes

d'u(x)d'u(x)       r
2^t>--— I yti ■ ■ ■ y,¡dp(y)-
j-0    oxy¡ • • ■ dxyj JK

Using the equations (1.2) with the definitions (1.3) of the coefficients A„

the last series is found to be u(x), which proves (1.1).

Remark. Using a different method, Flatto [6] derived a result similar to

Theorem 1. His system of equations is different from ours and the coefficients

of the equations are of more complicated nature; they involve the whole

sequence of harmonic polynomials. For the problems to be discussed in §2,

our system is much more suitable.

There is a very simple connection between the study of the solution-

space of the system (1.2) and the existence of nontrivial complex roots for

the system of algebraic equations

(1.11) 2ZA,z, = 0 (/= 1,2,3, •••),

where zr = zH • • • z,¡, l^Vi^n, the zk being complex numbers. This connec-

tion was first pointed out by Aronszajn and P. Lax [l] and very recently by

Flatto [6]. Since this connection will be used in the sequel we describe it

here in detail.

Theorem 2. A necessary and sufficient condition that the system of differen-

tial equations (1.2) have at most a finite number of linearly independent solutions

is that the system of algebraic equations (1.11) has z = 0 as its only common root.

Proof. The proof given below is that of Flatto. Suppose first that z^O

is a common root of (1.11). Then the solution-space of (1.2) is not finite

dimensional since for any integer m^O, Re{ (z-x)m\ is a solution of (1.2).

Conversely, let us assume that the equations (1.11) have no common root

Zt¿0. It will suffice to show that every solution of (1.2) is a polynomial of

degree ^k, for some k. Now, by [9, p. 18] the set of polynomials 2~lA,z,

is finitely generated. Hence there exists a finite number of them which have

no common root zt^O. We then can apply to xi (with respect to the above

set of polynomials) the Hilbert's Nullstellensatz [9, p. 6] and conclude that

for some q, x' is a linear combination with polynomial coefficients of the set
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of the generating polynomials. Substituting in the polynomial identity thus

obtained D,, for xv„ we conclude that if m is a solution of (1.2), then dqu/dx\

= 0. Proceeding similarly for the other variables x2, • • ■ , xn, we conclude

that there exists p such that dpu/dXf=0 for t = l, 2, • • • , n. Hence, u is

necessarily a polynomial of degree <np.

Remark 1. From Theorem 2 it follows that if there exists a nonpolynomial

solution u of (1.2) then there exist infinitely many linearly independent solutions

of (1.2). This result can also be established directly by developing u locally

into a series of harmonic polynomials 77m and observing then that the 77m

must also satisfy the MVP in the open set where we have developed u; hence

the 77m satisfy (1.2) throughout 7?". The converse of the above italicized statement

is also true, as is easily seen. Hence:

The solutions of (1.2) (or (1.1)) form a finite dimensional space if and only

if the solution-space consists only of polynomials.

Remark 2. It will be useful later on to use the equations (1.11) written

in the form

(1.12) f (ziyi + z2y2 + • • • + 2nyn)'d„(y) = 0 (j - 1, 2, 3, • • • ).
7 K

2. The case of discrete measures. In this section we shall study the solu-

tion-space of (1.1) or (1.2) in the special case that „ is a discrete measure.

We shall prove that the solutions must be polynomials of degree tik, and

for homogeneous measures we shall give a sharp bound on k. We first need

an auxiliary result, of intrinsic interest, from algebra of polynomials.

Algebraic lemma. Let R[xx, ■ ■ ■ , xn] be the ring of polynomials in

Xx, ■ • ■ , xn with real coefficients, and let o be the ideal in R[xx, • • • , xn) gener-

ated by all the elementary symmetric polynomials

o~k(x) =      E     *»i ' ' ' x<k   where    1 £í ty ^ n.
¡i< ■ ■ •<«*

Then every monomial x[lx22 ■ ■ ■ x„ (k^O) of degree / = /i+ • • • +/„ where

I > C\ belongs to a. On the other hand there exists a monomial of degree C\

which does not belong to <r.

Proof. We shall need the auxiliary formulas:

i    2    3 Jfc_1    fe I 1    !c I 1 Jfc4-1

(2.1)* x2x3xt • • • xk   xk+1xk+2 ■ • • xn    = 0 (mod <r).

The proof is by induction on k. The case k = 1 is meant to be

2   2   2 2
(2.1)i x2x3xt • • • xn = 0 (mod <r).

Writing the left side of (2.2)i as
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(x2x3xt ■ ■ ■ X„)(x2X3Xi • ■ ■ xn)

and noting that x2x3x^ ■ • • xn is one term in crn~i(x) and that all the other

terms contain xi as a factor, the proof of (2.1)i follows (recall that all the o~i

are =0 (mod a)).

Assuming now that (2.1),- has already been established for all j^k, we

proceed to prove (2.1)i4i- The left side of (2.1)*+i can be written as

12   3 t-1  k       k+1  k+1 k+1

(x2X3Xi ■ • • Xk    Xk+iXk+2Xk+3 • • • X„   )(xk+2xk+3 ■ ■ ■ Xn).

The second factor is one term in ffn-k-i(x), and each of the remaining terms

contains at least one x¡ with l£j£k+l. But then the product of the first

factor by x¡ must vanish by (2.1)y_i if 2áÍá*+T, or by Xix2 • ■ • xn

= 0 (mod a) if /=1.
The next identity needed is concerned with expressing x\ in a suitable

way, mod <s.

X\ — X\   X\ ■« — Xi   (x2 + x3 + • • • + xn) (mod o)

since x2+x3+ • • ■ +xn completes xi to the symmetric polynomial o~i(x). In

a similar way we obtain

— *f~ (Xi + x3 + ■ • ■ + xn) = - xi   (a;ix2 + Xix3 + • • • + Xixn)

=  Xi     (X2X3 + XiXi +   •  •  •  +XiXn +   •  •  •  +  X„-iXn).

Proceeding step by step we arrive at

(2.2)p       xi m ( — 1) (x2x3 ■ ■ • Xp+i + ■ • • + a;„_^-i • • • x„) (mod a)

provided l^p^w —1. Forp = wweget

(2.2)„ xï = 0 (mod o).

We are now ready to establish identities which imply that every monomial

of degree >Cf belongs to a. The identities are:

n-l   n-2 n-i 12   3 i-2   i-1   *        * *

(2.3)i   xi   x2     ■ ■ ■ xk    = ± x2x3xA ■ ■ ■ xk-ixk   %+ia;t+2 • • • xn (mod a).

The sign + means: either + or —. (2.3)* for k= 1 follows from (2.2)p with

p = n — 1. Hence we can proceed by induction on k. Assuming (2.3),- for all

j^k we shall prove (2.3)t+i, i.e., we shall prove that

n—1  n—2 n—k   n—k—1

Xi    x2      ■ ■ ■ Xk    Xk+i

(2.3)fc+i i 2 3 k-i ¿-i *     *+i k+i k+i
= ± x2x3Xi • • • xk-ixk   xk+ixk+2xk+3 • ■ ■ xn     (mod a).

We use the following convention: Whenever we write



174 A. FRIEDMAN AND W. LITTMAN [January

fx = gx (mod a),

\[f*m gi] (mod a),

the second congruence is understood to mean that

/1/2 =■ gxgi (mod o-).

Now, if we write (2.3)* as/i=gi (mod a), then we have

(2.4) t [xl+i    - Xk+iXk+x • • • xn] (mod 0).

Indeed, from the formulas (2.2),, with Xi replaced by xk+x and with p = n — k +1

we see that each term, with the exception of xk+2xk+z ■ • ■ xn contains at least

one Xj with l^j^fe + 1. But each such term, upon multiplication by the

right side of (2.3)* gives zero (mod a) in view of (2.1)y_i. Now multiplying

each side of (2.4) by the corresponding side of (2.3)*, we obtain (2.3)*+i.

Having established (2.3)*, we multiply both sides by xk and obtain

n-l   n—2 n—*+l n—*+l .

(2.5)* Xx   x2     ■ ■ • xk-x   xk        =0 (modo-).

since the right side of (2.3)* multiplied by xk gives zero in view of (2.1)*_i.

Suppose now that M(x) is any monomial which does not belong to a.

We want to prove that its degree is ^ Cl. Without loss of generality we can

take

M(x) = XxX2  ■ • • x„",    where    ax ~è a2 ^ • • • a„ ^ 0.

If ax ̂  n then M(x) =0 (mod 0) by (2.2)„, thus contradicting our assump-

tion on M(x). Hence ax^n— 1. Next, if a2^n — l then M(x)=0 (mod <r) by

(2.5)2. Hence a2%.n — 2. Proceeding in this manner, and using (2.5)* with

k = 3, 4, • • • , n— 1 we find that a.-^w— i for i=l, 2, • • • , n — 1. Hence, the

degree of M(x) is at most

(n - 1) + (» - 2) + • • • + 2 + 1 - Cl

It remains to prove that there exists a monomial of degree Cl which is

not in a. To prove it we recall that the ideal a is also the ideal generated by

the sequence of symmetric polynomials

TP(X)   =   Xx +  X2 +   •   •   •   + Xn.

Suppose now that every monomial x^x^ • • • *S" of degree Cl belongs to a,

then

N

x\lxa2  • • • xn  = E °cp(x)rp(x)

p-X

for some polynomials Od, • • • , ctif. Substituting in this ideality Di = d/dxi
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for the variable xt and applying both sides to a function u, we conclude that

if a function u satisfies

d"u      dpu d"u
(2.6) rp(D)«=. — + —+•••+ — =0 (Hi<«)

dxl      dxp2 dxl

then it is necessarily a polynomial of degree < CJ. We are going to derive a

contradiction by exhibiting a polynomial of degree CJ which is a solution of

(2.6), and thus completing the proof the lemma.

The polynomial is

,, v      v ,    .J »   i   2 *-! »-i
«W - 2-, (-1) *<,*<i*<t • • • *«*   • • • *fc

where summation is extended over all the n\ permutations, and 7 denotes

the number of inversions in the permutation (it, i2, ■ ■ ■ , in). In applying

tp(D) to h(x) we collect together all those resulting terms which have for

their coefficient

± ßk = ± (* - 1)(* -1-2) ■■-(k-l-p).

Call each sum, thus obtained,   ^*- We shall prove that  22* = 0 for any

k (for k—i^p this is trivial).

The general term in 2~L>=IS

I   0    1 k-%   k-l-p  k n-l

A(~ 1)   Xi¡Xh   '   *   •   Xik-lXik Xik+l   '   '   '  Xin    •

The term corresponding to the permutation

(il, h, •  ■  • , ik-p-l, ik, ik-p+l,  •  •  • , ik-l, ik-p, ik+l,  •  •  • , in)

(whose number of inversions is denoted by 7') gives the same term as before,

except for sign: ( —l)7 is replaced by ( —l)7'. Since 7' —7 is odd, the two

terms cancel each other. Thus, taking summation over all even permutations

and joining to each term the term corresponding to it (as above) which be-

longs to an odd permutation we get 2*= 0- This completes the proof of the

lemma.

We shall use the lemma in characterizing the solution-space of (1.2) (or

(1.1)), in case p is a discrete measure. We first consider the case where we have

2w points Qj situated at the centers of the 2n hyper-faces of the cube — 1 ̂ x,

gl, that is,

Qi ™ (?»i> ?«2> * • - , ?«»)>   Q-i ~ (~f«i —°u> • • • » — ?<•») and q>j = iw.

We define

KQù = *(Q-<) = - for i = ¿ = »,
(2.7) 2«

p = 0 elsewhere.
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The algebraic equations (1.12) become

(2.8) zlJ + Ü + ■ ■ ■ + zlj = 0 (1 g j < oo)

and the differential equations (1.2) become

d2'u     d2'u d2'u
(2'9) S5 + ^+"-+^ = ° <1S^"»-

Every monomial x^x^ ■ ■ ■ xnb" of degree > Ci belongs to <r and hence is

a finite linear combination of the polynomials tp(x) with polynomial coeffi-

cients, say 2~lap(x)Tp(x)■ Replacing x< by y\ and then y,- by d/dxi and apply-

ing to u, we conclude that if m is a solution of (2.9) then

d2bu
0    whenever   b = bi+ ■ • • + b„ ^ C2 + 1.

dx\b> ■ ■ ■ dx2nb»

We now observe that any derivative

dcu

dxp • ■ ■ dxcn
vanishes if c = ci + • • • + c„ = n2 + 1.

Indeed, not all the d can be odd since otherwise we get that 2p+n = n2 + l

for some integer p, which is clearly false. Hence, we can write

dcu d2bu
=   £c-2»_

dx[l   ■   ■   ■  dXnn dxfl   ■   ■   ■  dX2nb»

where c — 2b^n — l and D' means a certain/th derivative. Since

2b ̂  n2 + 1 - (n - 1) è 21 ( — J + 1 |,

it follows that the right side vanishes. Hence every (w2 + l)th derivative of u

vanishes. Consequently, m is a polynomial of degree n2.

On the other hand there exist polynomials of degree n2 which are solutions

of (2.9). One such polynomial is

Z7 3     6 2n
V      *■) xi¡.xhxi3 '  '  ' xin

The proof that this polynomial satisfies the equations (2.9) is similar to an

analogous proof at the end of the proof of the algebraic lemma; details are

therefore omitted.

We have thus proved :

Theorem 3. If u satisfies the MVP (1.1) with respect to the discrete measure

p defined in (2.7) then u is a harmonic polynomial of degree ^n2. There exist

polynomials of degree n2 satisfying the MVP (1.1).
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Consider now the case of arbitrary N points Qi=(qn, qu, • • • , 2«),

1 ú i=\ N and the measure

1
(2.10) ß(Qi) = — for 1 g i g N, ß = 0 elsewhere.

N

We shall prove:

Theorem 4. If u satisfies the MVP (1.1) with respect to the measure „ de-

fined in (2.10) then u is a polynomial of degree ^ C2.

Proof. The algebraic equations (1.12) become

N

(2.11) Tj(z) = E (?«*i + ?<*i + • • • + qinzny =0      (1 ^ j < «).
•-i

Since the support of the measure is always assumed not to be in any hyper-

plane, the rank of the matrix (ç,*) is n. We now perform the linear trans-

formation

(2.12) & = qkiZx A- qkiZi + ■ ■ ■ + qknZn (1 $ * £ #)

considering the z's as variables. Equations (2.11) then reduce to

¿ + ¿+•••+¿■-0 (1 £/<•).

By the algebraic lemma, every monomial of degree >C2 in the ¿'s, say

¿? • • • ££* can be written in the form

£•••&-]£ 7,(8r,(Ö.

Solving, from (2.12), Zx, • ■ • , z» in terms of the ¿'s, and using the equality

rj>(£) = Ppiz) we conclude that every monomial of degree > C2 in the z's is a

finite linear combination of the Tp(z). Substituting in each such identity

d/dxi for Zi and recalling the connection between the coefficients of the alge-

braic equations and the differential equations, we conclude that every solution

of the differential system is a polynomial of degree ^ C2.

We shall now consider the case of a general discrete measure on the points

Qi, that is,

(2.13) ß(Qi) = „, > 0   for    1 á i á ff,  £„,• =1,    and   „ = 0 elsewhere.

We shall prove:

Theorem 5. There exists a k depending on the „,• such that every function

satisfying the MVP (1.1) with respect to the measure defined in (2.13) is a

polynomial of degree g k.

Proof. Using Theorem 2 and the transformation (2.12) it follows that it

is sufficient to prove that the equations
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(2.14) piíí + pe + • • • + p*Ù = 0 (1 ái < »)

have no nontrivial common complex root. The proof is very elementary. In-

deed, if £i, £2, • • -, £j\r is a nonzero solution then we write £*= |£*| exp{t©*}

for some ©* and substitute in (2.14). Denoting by £„, &,•••,£« those £*

whose absolute value is equal to maxi | £¡|, we find that the function

/(5) = p0e'«e<. + pbe"^ + • • • + pceu*° (i = (-Í)1'2)

tends to zero as s—> <» along the positive integers. Since/(s) is almost periodic

it follows, from well known theorems, that f(s) =0. This is however impossible

if all the p's are positive.

Remark. Theorem 5 is false if some of the point-masses are negative.

Thus, if for the points Crin (2.7) all the p,,p_, are 1 except for pi and p_i which

are taken to be — 1, we get the algebraic equations

2j 2j ij

Zl   — z2   — • • ■ — Z„   = 0 (1 Í» / <  » )

which have common nontrivial roots.

Added in proof. A. Garsia (2) has extended Theorem 4 by appropriately ex-

tending the algebraic lemma, and thus proved that Theorem 5 holds with

k = C2N.

3. The case of arbitrary measures. In this section we shall give some suffi-

cient conditions on a general measure p which imply that the solution-space

of (1.2) (or (1.1)) is finite dimensional. These conditions are rather directly

expressed in terms of the measure but it is not easy to verify them. In the

case of discrete measures these conditions can be verified, thus giving another

proof to Theorem 5.

We denote by i?<y linear transformations of the form

xi = akiXi + ak2x2 + • • • + aknxn for k = i, j,

xi = xi for all /, 1 ûl Un, If6 i, 19a j.

We call it a regular 2-affine rotation if the transformation is regular. 2?,-y maps

K onto a set Ky. We denote by 7T,y the orthogonal projection of Kq on the

(xi, Xj)-plane and by p<y the integral of p along sets of points in K having the

same projection in the (xit Xy)-plane.

Given a measure p* with compact support K* and with fdu* = 1, we say

that p* is a normal distribution (with respect to the origin) if for any har-

monic polynomial v,

î>(0) =   j   v(ty)dp*(y) for all 0 < / < «.
Jk'

(2) Editorial note. See A note on the mean value property, immediately following this paper.
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This definition is essentially the one introduced by Choquet and Deny [5]

in the case of two dimensions.

In [8] we gave some simple conditions on „* which guarantee that if K*

is not a sphere or a ball, then „* is not a normal distribution. We shall need

the assumption:

(A) For any regular 2-affine rotation 7?<y, the resulting (projection) meas-

ure ßn is a non-normal distribution.

We shall prove:

Theorem 6. If „ satisfies the assumption (A) and the assumptions of Theo-

rem 1, then there exists at most a finite number of linearly independent functions

satisfying the MVP (1.1).

All the functions are polynomials by Remark 1 at the end of §1.

Proof. In view of Theorems 1, 2 and (1.12), it is sufficient to prove that

there exists no complex root Zt^O of the system of algebraic equations:

(3.1) |  (ziyi + z2y2 -\-h z„y„)'d„(y) = 0 (1 £ j < «).
J K

Assuming that there exists a root z^0, we shall derive a contradiction.

Since the left side of (3.1) for j = 2 is a positive form in the z,-, considered as

variables, z cannot be a constant multiple of a real vector. Hence the linear

functions

(3.2) zklyx + zk2y2 + • • • + zknyn (h = 1, 2)

where Ziy=Re{zy}, Z2y=Im{zy} are linearly independent. It follows that for

some i,j the vectors (z*,-, z*y) for k = l, 2, are linearly independent. Hence the

transformation

y'i = znyi + zi2y2 + • • • + zlnyn,

y'i = Z2iyi + 322^2 + • • • + z2nyn,

yl = yi for I ^ i, l 7e j

is a regular 2-affine rotation Ry. Equations (3.1) then reduce to

(3.3) f (y'¡ + (-i)ll2y!)hdfla = o (i g h < *>).

Since the monomials f* =• (yí +(—l)1'2y/)'1 generate the family of polynomials

in the complex variable f which vanish at f = 0, and since fdßij—1, we con-

clude that for any polynomial /(f),

f f(t)dß« = 0.
¿Ka

Hence the same is true for all harmonic polynomials, thus contradicting the

assumption (A).
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Remark 1. For discrete measure p, the assumption (A) is satisfied as fol-

lows from [8, §4]. Hence Theorem 5 yields the assertion of Theorem 4.

Remark 2. The assumption (A) is essential. Indeed, let dp=\dxidx2 be a

normal distribution of a measure whose support K lies in the 2-dimensional

(xi, x2)-plane. Defining X(xi, x2, • • ■ , x„)=X(xi, x2) we can define a new

measure dp in the cylinder CK based on K by dp = \dxvdx2 ■ ■ ■ dxn. The as-

sumption (A) is violated with respect to i?i2 and all harmonic polynomials

u(xi, x2) satisfy the MVP (1.1).

Remark 3. It was proved for w = 2 by Choquet and Deny [5] that if the

measure is not a normal distribution then the space of functions satisfying the

MVP (1.1) is finite dimensional. This result also follows easily from the work

of Flatto [6], as well as from Theorem 6. Brodel [4] stated this fact in case of

unit line-density on the boundary or unit area-density in the interior of a

convex domain (in the plane) but his proof seems to be incomplete.

Remark 4. The problem of proving the finite dimensionality of the space

of functions satisfying the MVP (1.1) (or (1.2)) for such simple bodies as

convex polyhedra, ellipsoids, etc. with the ordinary Euclidean measure does

not seem to be easy. In this paper we have considered two general methods:

the direct attack of the equivalent algebraic equations and the projection

method of the present section. Both methods, however, lead to rather in-

volved technical problems in trying to apply them even to very simple

bodies.
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